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This report is about contradiction between fidelity needed to determine the entan- 
glement and concomitant noise that always accompanies precise measurement. 

Account of quantum properties of field leads to additional noise caused by multiple 
particle creation through nonunitarity of quantum field representation in embedded 
sections of space (Unruh noise). 

Causes of quantum noise vanish at leaving off assumption about statistical inde- 
pendence of detectors. Smearing of detector leads to elimination of causes of Unruh 
noise and to emergence of imaginary entanglement of few mode states caused by 
overlap of detector sections. 



1. INTRODUCTION 

Progress in creation of essentially quan- 
tum states of electromagnetic field (entangled 
states of few photons) leads to need in anal- 
ysis of physical meaning of the basic concept 
of quantum physics - concept of probability 
distribution of particle registration [1, 2] by 
several placed near each other detectors. 

Well known mathematical scheme of de- 
termination of probability distribution deals 
with probabilities of detection of particles in 
the sequence of embedded sections (Rokhlin 
scheme) in implicit assumption that detec- 
tors are statistically independent. One ex- 
pects that at decrease of the size of detector 
count decreases proportionally. The constant 
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of proportionality is taken as probability den- 
sity (probability per size). 

Account of quantum properties of field 
leads to additional noise [9] caused by mul- 
tiple particle creation [3, 4] through nonuni- 
tarity of quantum field representation in em- 
bedded sections of space [5] (Unruh noise). 

Causes of quantum noise vanish at leaving 
off assumption about statistical independence 
of detectors. Smearing of detector leads to 
elimination of causes of Unruh noise and to 
emergence of imaginary entanglement of few 
mode states caused by overlap of detector sec- 
tions. 

This report is about contradiction between 
fidelity needed to determine the entangle- 
ment and concomitant noise that always ac- 
companies precise measurement. 
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Specific objects in the study of entangle- 
ment of states are pairs of polarized photons 
(bi-photons especially) and electrons with op- 
posite spins. 

Typical procedure of study of entangle- 
ment is in consideration of entangled electron 
pair moving to pair of spin state detectors. 
There exists some probability for the state 
"UP-Down" and some probability for the op- 
posite state. 

Identity of particles is one more reason for 
entanglement. The process in which the up- 
per particle is registered by down detector 
and vice versa is identical to process in which 
each particle falls to its own detector. 

2. ENTANGLEMENT IN 
MEASUREMENT FOR TWO PARTS 

Mathematical model is based on the study 
of the density matrix properties. 

Mathematical model of the measuring 
unit is expansion of unity forming posi- 
tive operator-valued measure in the space of 
states of the system. The device measuring 
the states of the first sub-system does not de- 
tect the state difference of the second one, 
and vice versa. 
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2.1. Independent parts 

The system consisting of independent 
parts has as density matrix direct product of 
density matrices of separate parts 



x(a+b) 



;(<») 



P^'"' = [PaPi ' + (1 -Va)p\ 

® (Pbpf + (1 " P b ) Pf) ■ 

As the result, reaction of the device on the 
system consisting of independent parts is 
equal to the reaction on its own sub-system. 
Probability of registration of some state of 
the system is equal to the product of probabil- 
ities for respective states of the sub-systems 
P (al) = Pa , P (a2) = (l- Pa ),P (bl) = p b , 
P(b2) = (l-p b ). 

P (al&W) = PaPb] 
P{a2kbl) = (l- Pa )p b ; 
P(alkb2)=p a (l-p b ); 
P(a2kb2) = (l-p a )(l-p b ); 
P (a k kb m ) = P (a fe ) P (b m ) . 

2.2. Entangled state 

Entangled states are characterized by den- 
sity matrix being unreducible mixture of the 
products of sub-system states 



P (a+b) = ppTI ® + (i - p) A a J ® pS (i) 

Probability of registration of some state 
of one sub-system essentially depends on the 
result of measurement for another one, and 
joint probability distribution is different from 
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product of probability distributions for each 
of the sub-systems 

P(alkbl) = p ^ P (al) P (bl) ; 
P (a2&W) = ^ P (a2) P (61) ; 
P(al&62) =0 ^P(al)P(62); 
P (a2&62) = (1 - p) ^ P (a2) P (62) , 

and mutual probapilities are 

P(al\bl) = 1; P(a2|61) = 0; 
P(al|62) = 0; P(a2|62) = 1. 

3. STATE DISCRIMINATION 

Detection area is divided between coun- 
ters. It is supposed that each counter reg- 
isters one of the possible states of the sys- 
tem, and there exists one-to-one correspon- 
dence between the counters and the states. 

Deviations from such correspondence are 
taken as noise. 

3.1. Event space bisection 

Definition of probability density is con- 
structed through sequence of bisections of 
space of events (Rokhlin scheme). 

Probability distribution on the event 
space, according to axiomatics of probabil- 
ity theory, is realized through proceeding to 
limit in the sequence of bisections of the event 
space. The initial element of the sequence is 
the reliability partition - the subset of the 



event space for which probability of any out- 
side event is equal to zero. It is supposed that 
such area has finite measure. 

Bisection of the event space is accompa- 
nied by adjustment of the methods for de- 
scription of the states of the particles being 
detected. 

Each section of event space has its own set 
of states localized in that section. 

Now we consider common coordinate 
space as event space. Description of particles 
in each section is performed here by means of 
a set of wave functions localized in respective 
section. 

3.2. Quantum Held on section 

In the graph (1) typical section of length 
2L is shown, and expression for the spatial 
mode with quantum number m is (j) m (x, t) = 

_±_ e (i Pm x-ie(p m )t) w h ere p m — up an( J £ (p) 

- ,. = a//i 2 + p 2 . Quantum field following 
Fermi statistics is convenient because of lim- 
ited number of particles in each mode. 

V> (x,t) = 

Em=-oc (4m <Pm (X, t) tt m + U { p2<P*m (x, t) 6+) 

(2) 

The spinors 
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describe separation of states to positive- Bisection leads to one more representation 
frequency and negative-frequency ones. associated to the right subsection. 



Hamiltonian of the field is 



oo 

H = ^2 he (p m ) (a+c m + d+b m ) 



$ ( x , t) = Em=-oo (^£!4>m,right (x, t) f m 
+ut2<Kn,right ( X , 9m) 

(4) 

Heisenberg-Weil algebra for that representa- 



, i tt ■ i ., tion is generated by third set of operators f m , 

Operators a m , a„ generate Heisen berg- Weil ° J 1 J ' 

algebra for particle modes and b m , 6+ for an- Jm ym ' ym ' 



tiparticle ones. 

3.3. Quantum Held on bisected bases 



oo 

iJ = (g m ) (/+/ m + g m 9m) 



3.4. Bogolubov transform 



Bisection of the initial section of length 2L The operators of creation and annihi i ation 

into two parts requires construction of addi- haye changed along with perception of parti . 

tional representation of quantum field in each deg and antiparticles . 

of the subsections. Wave functions for the Inyerge Fouder transform for subsection 

left subsection are shown in the graph (1). bases 

Decrease of length leads to re-definition / (+) \ 

Cm = (UpJ^left (X, t) \lp(x,t)); 



of the sequences of momenta for each 
of the modes. The new sequence is 
{q m = ^: meZ}. 

Representation in left subsection is given 
by expansion of quantum field and direct Fourier transform for section basis 



dm = (u { p24>m,left t) | ^ + (x, t) 
fm = (up2 '<Pm,right (x, t) \^(x,t)^] 
9m = (uf2(t>m,vight (x, t) | ^ + (x, t) 



(2) produce interdependence between opera- 
tors of creation and annihilation 



4 fa t) = Em=-oo (^(pmMft t) C rn 

t) dm) 

(3) 

Heisenberg-Weil algebra for that representa- d rn = En=-oo ( — /^m.n^n + a m,rJ> 

tion is generated by operators c m , c+ and d m , fm = X^°=-oo ( a m, n d n + fi m ,rP' 

d m - 9m — Xm=-oo (~ Pm,nd n + ^m.n^n^ 



Cm — En=-oo (^ a m,nd n + P m ,rfin) i 

(5) 



n j ) 



oo 

H = ^2 he (q m ) (c+c m + d+d m ) 



One of good effects of bisection is in al- 
most complete coincidence of the Bogolubov 
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transform coefficients for the left and right 
subsections 



Oim,k — ^2$2m,k Xlti=-oo ^f»,m,^2n+l,fe; 

Pm,k = W m 5_2m,k ~ X]n=-oo ^n,m,k^2n+l,k] 

(e( Pk )+fi){e{q m )+n)+p k q m e «im)-^P k ))t _ 
2 v /s(p k )e(q m )(s(p k )+nKs(q m )+v) ™- m +V2 ' 

-^n,m,k 

P k (s(q m )+tJ.)-qm(e(p k )+ti) e -«9m)+e{v k ))t _ 

2^s(p k )e(q m )(s(p k )+nKs(qm)+v) «+ m +V2 ' 
w _ g me -2 te ( gm )t 

VVm - V2e(q m ) ■ 



4. FERMI PARTICLE CREATION 

Vacuum state |0) for section basis a m |0) = 
0, b m |0) = can not be vacuum for subsec- 
tion basis since c m |0) = YlPm^K 1°) ^ °- 

Entanglement of the modes of particles 
and antiparticles leads to unitary nonequiva- 
lence of the representations under considera- 
tion. The state being vacuum with respect to 
all the annihilation operators of the section is 
not vacuum with respect to the operators of 
the left subsection. As the result the vacuum 
average of the particle or antiparticle number 
of each mode of the subsection is non-zero. 



wavelength. With decrease of this ratio the 
graph goes up near origin more abruptly and 
more quickly comes to saturation value 0.5. 
Saturation value corresponds to our notion 
about total stochasticity of the phenomenon. 



4.1. Correlation of Noise 

Since the vacuum state of initial section is 
a pure state, stochasticity of mode filling in 
subsection representations makes evidence of 
correlation between noises. The most inter- 
esting correlation is correlation between fill- 
ing numbers for the modes of the left and the 
right subsections. 



D c ,k;f,m = (0 C+C fc /+/, 

-<0|c+c fc |0)(o /+/ 



(7) 



oo a n,mOi n k 



(n k ) 



(0|c+c fc |0) = (0 



fkfk 



dtdk 







0) = (0|#&|0> ( 6 ) 
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The graph (2) shows the dependence of the 
filling numbers on the mode number. Spe- 
cific parameter is here the ratio of the lin- 
ear dimension of the section to the Compton 



Correlation function is substantially non- 
zero for coinciding mode numbers only 
Dc,m-j,n ~ 8 m ,nD n and comes to values cor- 
responding to almost total correlation be- 
tween the modes of the subsections shown by 
graph(3). 

So, the states of the particles in the left 
and the right subsections are entangled. 

Unitary non-equivalence of representa- 
tions in subsections results from restriction 
of wave packets. 
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4.2. Overlap of bases and non-canonical for operators attributed to 

different points of phase space. For example 

Alternative version is in field description 

by means of sets of states with incomplete lo- {oa.oOg 0} = exp (— \a — /3| 2 /2 + (a* (3 — a(3*) 

calization. Each such state has a respective 

i , 1 n i p- i i All representations have common vacuum 

wave packet with well-denned average val- ^ 

c ,* , , j -i state a m 10) = and b n 10) = for all n. 

ues of coordinate and momentum, and each 1 ' 1 ' 

r -,i i i Transforms between representations do not 

set of states with equal average values gives ^ 

( . , , , * . , j ., n entangle the creation and annihilation opera- 

quantum held representation associated with ° ^ 

. , n i ... tors, thus the vacuum state is common for all 

a given point of phase space, representations ' 

i i , i i the representations - it is not needed here to 

are distributed over the whole phase space. ^ 

A , , , p .,, , , , distinguish between the representations, and 

As such a set we use a set of oscillator states ° ^ ' 

there is no vacuum noise. 



<Pa(p) = 7 ^exp(-^- Wa ) 



One-particle state |0, lo) = Soo |0) m the 
Va,n {P> = Va {P> origin a = is not one-partical state out of 



the origin 



(8) 

Here a = ax a + ip a /2a, and overlap of basis 
functions is given by Pf)fi (i) = ( , 1 \a% Q a p , Q \ 0, 1 > = e 

/ ( Pp(p) ( Pa(p) dp 

= exp (- \a - (3\ 2 /2 + (a* (3 - a/3*) /2). 



and for two-particle state |0, lo, li, 
^tto^cti |0) probability of registration 



Wave functions of field modes 

&i*,t) P„(l) = (l + |^)e-*, 

= I u i )l Pa,n (p) exp (tpx =F ie (p) t) dp depends on distance from the origin as it is 

give the set of representations of quantum shown in graph (4). 

field associated to each set of wave functions Probability of joint registration of two 

particles is characterized by correlation func- 

j> (x, t) = tion 

(9) 

Er=-oc^S(^O«a,n + 0U(^Ofe, n ' ' C , (a,/?) = <l 1 ,lo|a+ a /3i0 a+ a ai0 |l 1 ,lo> 
Communication relations are canonical in — lo |^,o^/3,o| li ? lo) 

each representation ' (li> lo |^ a a ,o| li, lo) 

(10) 

{^«,n^,m} = |^a,n^a,m| = &n,m shown in the following graph (5). 
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The reason of correlation at registration of 
particles in given state is in not enough corre- 
spondence of detectors simulated by particle 
number operators to the state. In the case of 
complete correspondence (the origin) there is 
no correlation. 

5. SUMMARY 

Imaginarity of entanglement can be 
caused by one of the next reasons: 



• Standard scheme of probability defini- 
tion leads to the imaginarity of entan- 
glement because of restriction of wave 
packets; 

• Incomplete localization leads to imagi- 
narity of entanglement because of the 
not enough correspondence between 
states and detectors. 



1. Y. Aharonov, S. Massar, and S. Popescu. 
Measuring energy, estimating hamiltonians, 
and the time-energy uncertainty relation. 
Phys. Rev. A, 66:052107, 2002. quant- 
ph/0110004. 

2. G. Bjork, P. Jonsson, L.L. Sanchez-Soto, 
Single particle nonlocality and entanglement 
with vacuum Phys. Rev. A 64, 042106 (2001) 

3. M. Popp, F. Verstraete, M. A. Martin- 
Delgado and J. I. Cirac, Localizable 
Entanglement- quant-ph/0411123 

4. Ph. Blanchard and A. Jadcyk, Relativistic 
quantum events. Found. Phys., 26:1669, 1996. 
quant-ph/9610028. 

5. Marcin Pawlowski and Marek Czachor, De- 
gree of entanglement as a physically ill-posed 



problem: The case of entanglement with vac- 
uum - quant-ph/0512253 

6. Emanuele Ciancio, Paolo Giorda and Paolo 
Zanardi, Mode transformations and entangle- 
ment relativity in bipartite gaussian states, - 
quant-ph/0504080 

7. Vlatko Vedral, Entanglement in The Second 
Quantization Formalism - quant-ph/0302040 

8. J. B. Hartle. Spacetime coarse grainings 
in nonrelativistic quantum mechanics. Phys. 
Rev. D, 44:3173, 1991. 

9. V. P. Belavkin, O. Hirota, and R. Hudson, 
The world of quantum noise and the funda- 
mental output process - quant-ph/0510030 



Figure 1. Wave functions 
on a section and its subsections. 
Wave function of whole section 
4>common and the same of sub- 
sections - (f>ieft which vanishes 
on right subsection and 4> r ight - 
vanishes on left one are shown. 
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Figure 2. Particle creation 
as bisection result. Average 
value of particle number ver- 
sus mode number. Parameter 
mL is equal to the ratio of 
the linear dimension of the sec- 
tion to the Compton wavelength. 




Figure 3. Correlation func- 
tion between filling numbers 
for the modes of the left 
and the right subsections. 
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Figure 4. Probability of par- 
ticle registration versus distance 
from position of state. Two- 
particle state looks more exten- 
sive then the one-particle one. 



Figure 5. Correlation function of 

joint registration of two particles for two- 
particle state. It depends from distances a 
and b between detectors and state origin. 



